The quark mass dependences of light element binding energies and nuclear scattering lengths are derived using chiral perturbation theory in combination with non-perturbative methods. In particular, we present new, improved values for the quark mass dependence of meson resonances that enter the nuclear force. A detailed analysis of the theoretical uncertainties arising in this determination is presented. As an application we derive from a comparison of observed and calculated primordial deuterium and helium abundances a stringent limit on the variation of the light quark mass, δm q /m q = 0.02 ± 0.04. Inclusion of the neutron lifetime modification under the assumption of a variation of the Higgs vacuum expectation value that translates into changing quark, electron, and weak gauge boson masses, leads to a stronger limit, |δm q /m q | < 0.009.
I. INTRODUCTION
The Standard Model is widely believed to be a low-energy manifestation of a more general theory that unifies the four fundamental forces of nature. Several candidate unified theories suggest that spatial and temporal variation of fundamental constants is a possibility, or even a necessity, in an expanding Universe (see, e.g. the reviews [1, 2] ). Studies of Big Bang nucleosynthesis (BBN) provide a unique probe of the values of fundamental constants in the pre-recombination Universe. A further motivation to consider the response of light nuclei to changes in m q , the light quark mass 1 , is related to anthropic considerations [3, 4] that have e.g. been used in the context of carbon production in hot stars [5] [6] [7] in order to understand how much fine-tuning is necessary amongst the fundamental parameters of the Standard
Model in order to allow life to emerge on earth. Only now -based on methods as used here -is one really able to study the explicit quark mass dependence of the nuclear forces and nuclear properties and therefore their impact on, e.g., nuclear abundances, because such issues can only be investigated systematically and completely based on chiral effective field theories or lattice simulations (or combinations thereof).
In addition, recent studies of quasar absorption spectra suggest a cosmological gradient in the value of the fine-structure constant, α, across the universe [8] . The existence of this spatial variation could be confirmed from complementary astrophysical studies such as Big Bang nucleosynthesis [9] . If the values of fundamental constants were different in different regions of space at the time of nucleosynthesis, this could be seen in the spatial distribution of primordial deuterium abundances. Note that while BBN is relatively insensitive to α-variation [10] , the limits placed on quark mass variation in this work can be related to the variation of α under a range of unification models [11] . Indeed many of these grand unification theories predict that relative variations in the strong force would be an order of magnitude or two larger than those of the electroweak forces (for a simple explanation of this see, e.g., [12] ). This is also connected to anthropic questions, for if a spatial variation of fundamental constants were to exist, we should not ask how finely tuned the fundamental 1 Throughout most of this paper, we work in the isospin limit m u = m d and only consider the average light quark mass, m q = (m u + m d )/2; in addition the quark masses are studied in units of a fixed Λ QCD , for only the variation of dimensionless quantities is meaningful. However, in Sec. VII we address the constraints from neutron β-decay which necessarily requires the inclusion of isospin violation by strong and electromagnetic effects.
parameters are, but instead conclude that life emerged in the region of the universe where the parameters allowed for it.
Relating the observed primordial abundances to the values of fundamental constants at the time of Big Bang nucleosynthesis requires theoretical models for how the nuclear reaction rates depend on observable quantities such as binding energies and scattering lengths, as well as a model for how those quantities in turn depend on the fundamental constants. The former has been dealt with previously in several works, see e.g. [10, [13] [14] [15] and the references therein; in this paper we provide a response matrix based on the method described in [13] for some of these quantities which are of importance to the current work. The second part of the problem, relating bulk nuclear quantities to values of fundamental constants, is the focus of this paper.
Most of the previous studies in this context were performed on the basis of modeldependent estimates for quark-mass dependences of nuclear properties [16] [17] [18] [19] [20] [21] . However, there are two theoretical tools available that allow, in principle, for a model-independent access to quark mass dependences. On the one hand there is lattice QCD, on the other hand one has chiral perturbation theory (ChPT). The former is a direct evaluation of QCD in Euclidean space-time and thus the quark mass dependence is explicit. In the latter case, the operator structure of quark mass terms is fixed by the QCD symmetries; in fact, ChPT is a faithful representation of the spontaneous and explicit chiral symmetry breaking of QCD [22] . The strength parameters (usually called low-energy constants, LECs) of those operators have to be fixed from other sources. Generally, this is done by comparison with experiment. However, for operators that explicitly involve the quark mass, as is the case here, such a determination is difficult since in nature the quark masses take definite values.
To determine the LECs of such operators, one can either fit to lattice data directly (see, e.g., [23] , where the formalism is outlined for the ρ meson) or from low-energy scattering data when using some unitarization scheme in addition to ChPT (see, e.g., Refs. [24] [25] [26] ). It should be stressed, however, that in the latter case some model-dependence is involved, since the quark mass terms of higher order than what was put in from ChPT are not complete and depend on the scheme used [27] . In some cases, this model-dependence can be controlled, to some extent, by a comparison with lattice data.
In Ref. [28] , an effective field theory treatment of the impact of quark mass variation on BBN was presented for the first time. In this work the quark mass dependence of the NN scattering lengths was used as primary input. To constrain these, the results of Ref. [29] were used, since at present the lattice is not sufficiently accurate to provide precise values of these fundamental parameters. Central to the analysis of Ref. [29] was a naturalness assumption for the quark mass corrections to the leading quark mass independent contact interactions. On the other hand, the same LEC was allowed to vary in a different range in
Ref. [30] , which led to quite different quark mass variations of the two-nucleon properties.
We remark, however, that the considerations in Ref. [29] were consistent with the earlier resonance saturation study of the leading and next-to-leading order contact interactions performed in Ref. [31] .
In this work we study systematically the impact of quark mass variations on two-nucleon observables based on a study of the quark mass dependences of mesons, since those are expected to give the most prominent contributions. In particular, if a strong quark mass dependence of, say, the potential part of the nucleon-nucleon (NN) interaction that comes from σ exchange were present -e.g. in Ref. [16] a striking strange quark mass dependence of the σ is conjectured -it might, in the effective field theory where this field is integrated out, lead to an unnaturally enhanced LEC accompanying some contact interaction. An example for such a pattern are some low-energy constants of dimension two that appear in πN scattering: when extracted from data in standard ChPT they appear to be unnaturally large, however, this can be understood phenomenologically by observing that they are mainly dominated by the exchange of ∆ isobars [32] . Consequently, once the ∆ contribution is subtracted the residual LECs get reduced significantly. Analogously one should expect that, once all meson exchange induced large quark mass effects are treated explicitly, the bulk of the quark mass dependence is included 2 . Still, such a procedure involves some modeling that induces some systematic uncertainty which is very difficult to specify.
Our main focus here are the sigma and the rho meson. Both appear as resonances in the two-pion system. The cleanest way to connect their properties to the NN sector is via a dispersion integral of the Omnès type as used, e.g., in Refs. [35, 36] . Here, however, we use a method which is technically easier to handle and more transparent, although admittedly 2 In addition, we need to assume that there are no large quark masses dependences coming from sources other than meson exchanges. In this sense the findings of Ref. [33] are important for here it is demonstrated that potentially large quark mass dependences induced by πN N cuts [34] cancel, once final state interaction effects are considered explicitly.
of lower theoretical rigour: in Ref. [31] it was shown that the four nucleon operators of the NN potential can be understood quantitatively in terms of the exchange of heavy mesons in the sense of a resonance saturation. In that paper explicit expressions are presented for this kind of matching. Thus we here use the following strategy: we determine the quark mass dependence of the light resonances using the methods of Refs. [24] [25] [26] which allows us to predict the quark mass dependencies of the four-nucleon contact terms using the expressions of Ref. [31] . To complete this study we then quantify the impact of the determined quark mass dependences of the mesons together with that of the nucleon, which is already studied on the lattice, on the NN observables via an explict calculation of scattering lengths. It is important to note that, to our knowledge, no explicit calculations for a dynamic generation of the omega-meson exist. Thus, we assume throughout that its quark mass dependence is the same as of the ρ. Clearly, this should be refined in future studies.
The paper is structured as follows. In Section II we derive the quark-mass dependence of nucleon and meson masses, which we use to calculate the impact of quark-mass variation on the two-nucleon potential in Section III. The theoretical uncertainties of our calculation are discussed in Section IV. From the two-nucleon observables we are able to calculate the quarkmass dependence of helium nuclei (Section V). Finally, in Sections VI and VII we calculate the dependence of primordial abundances on nuclear observables and combine this with the results of the previous sections to derive a limit on the variation of the light quark-mass at the time of big bang nucleosynthesis.
II. QUARK MASS DEPENDENCE OF HADRON MASSES
Here, we study the quark mass dependence of the pertinent hadron masses. The results for each hadron H are most appropriately presented in terms of the dimensionless parameters In what follows we will choose f = q for the light quarks (in the isospin limit) and f = s for the strange quark. Note, although m f by itself is not renormalization group invariant, the quantity of relevance here, namely δm f /m f is, for the same reason as quark mass ratios are well defined.
A. Quark mass dependence of the nucleon mass
Due to significant advances in lattice QCD the pion mass dependence of especially the nucleon is now known to some precision. E.g. in Ref. [37] the dependence of the nucleon mass on the pion mass squared as calculated by the BMW collaboration is given. It is straightforward to extract from this the quantity K q N (for the definition see Eq. (2.1)). One finds K q N = 0.04. Note that more recent evaluations from other lattice collaborations give similar results, as nicely reviewed in [38] . It is also pointed out in that reference that the nucleon mass can be well represented by a linear function of the pion mass in most lattice simulations, which is at odds with the chiral constraints on this observable.
Alternatively one may determine K q N from the pion-nucleon sigma term, σ πN . Ref. [39] finds
On the other hand in Ref. [40, 41] [43, 44] . There is also a large spread of values determined from lattice QCD which encompasses the range of values given above; see Ref. [45] and the recent review by Kronfeld [46] .
Using the Feynman-Hellman theorem σ f = m f ∂M N /∂m f , one finds straightforwardly
and with that, based on the numbers given above, 4) consistent with the number quoted above within 2σ. The values given are significantly lower than those presented in Refs. [17, 18] due to the unusually large value of the πN sigma term in those works.
B. Quark mass dependence of meson masses
Due to their nature as (pseudo)-Nambu-Goldstone bosons (NGBs) of the approximate chiral symmetry of the strong interactions, the quark mass dependence of the members of the pseudoscalar octet is given by standard ChPT, which is model-independent. At tree level, for the pion, one finds
In our calculation, we have included higher order terms in the light (u,d) quark mass dependence of the pion, using the SU(2) ChPT expansion up to two-loops [47] . The strange quark mass dependence of the pion and the quark mass dependence of the kaon and eta (which will be needed later for the calculation of K f ρ and K f σ ) have been calculated using SU(3) ChPT to one loop [48] . We remark, however, that these masses are possibly affected by large higher order corrections -this is an open issue in three-flavor ChPT. For our study, we do not want to enter this discussion but rather use the next-to-leading-order (NLO) corrections based on the standard scenario for the strange quark condensate. To get at least some feeling for the corresponding theoretical errors, we have estimated the size of the higher order corrections by treating the ChPT expansions in two different ways: in the first of them the expansions are written in terms of the physical masses and decay constants of the NGB; in the second, they are written as a function of the tree level constants M 0π , M 0K and F 0 . In our calculations, these tree level constants are obtained by fitting the ChPT expansions for the masses and decay constants of the NGB to their physical values. Since the difference between the two treatments corresponds to higher orders in the expansion, it serves as an estimate for the systematic error due to the truncation of the ChPT series.
The values that we provide in the first line of Table I for K f π are an average of the results obtained using SU(2) and SU(3), the two methods of truncation mentioned above and different determinations for the ChPT LECs [49] [50] [51] [52] . The error is taken so that it covers all the results with their statistical uncertainties, which arise from the errors of the LECs.
Following a similar procedure we provide, also in Table I however, the quality of lattice data was not sufficient to pin down the slope of the quark mass dependence, which is required here. Of course, there are better data now [53] [54] [55] , so one could refresh the analysis of Ref. [23] . Here, we follow another path, which can also be used to explore the quark mass dependence of the rho and the sigma. Employing dispersion relations for the inverse ππ scattering amplitude and using ChPT to fix the subtraction constants -where the subtraction points can be chosen in a regime where ChPT is validsolves both problems and, by generating poles, allows for the study of resonances without a priori assumptions about their existence or nature. This is done in a way consistent with the ChPT expansion without introducing spurious parameters where an uncontrolled quark mass dependence may appear 3 . This method is called the inverse amplitude method (IAM) [56] and has been used to study both the σ and the ρ in an SU(2) one loop treatment in
Ref. [24] and to two loops in [25] . The SU(3) version of this study can be found in Ref. [26] .
Let us note that, within the IAM, all the dependence on the quark masses appears through the NGB masses, which are explicitly present in the amplitudes, both kinematically and in interaction vertices. Thus, we can calculate the K f R parameters for the resonances generated within the IAM by varying the masses of the NGBs, whose dependence on the quark masses was discussed in the previous section, and measuring the corresponding change on the position of the poles.
We have performed this calculation using SU(2) and SU(3) and different sets of LECs obtained from IAM fits [24] [25] [26] 57] . In each case, we have changed the masses of the NGB using the two different methods for the truncation of the ChPT expansion commented above. Our estimates for the K-factors for ρ and σ, given in the second part of Table I, are an average of the results combining these different approaches, with errors taken to cover all the results. Let us note that the description of the σ depends more strongly on the chiral loops, which are model-independent, and much less on the LECs. However, the dependence of the ρ resonance on the quark masses depends strongly on the values of the LECs. For that reason, for the central value of K q ρ we have only used the averaged results of the two best two-loop SU(2) ChPT fits in [25] , which we consider to be the most reliable, in particular because they were fitted to three sets [53] of lattice calculations of the ρ mass dependence on the pion mass, which were consistent among themselves 4 , and because the resulting values of the LECs were more consistent with standard determinations and estimates. We refer the reader to [25] for details. For the strange quark mass dependence, we rely on the existing IAM one loop SU(3) calculations in Ref. [26] , but including the uncertainties as just described above.
It should be stressed that the quark mass dependences we find are significantly smaller than those given in Ref. [16] . In particular, in that reference a value of K s σ = 0.54 is given compared to our −0.01 (c.f. Table I ). The origin for this significant discrepancy is the assumption about the quark structure of the σ underlying the work of Ref. [16] : the σ was assumed to be an SU(3) singlet. In our case on the other hand the σ emerges from non-perturbative ππ interactions, which give only a very small dependence on the strange quark mass.
As becomes clear from Table I , for all relevant quantities the variation with respect to the strange quark mass is smaller that the corresponding uncertainty. In addition, some quark mass variations driven by an external scale will lead to a relative change in the strange sector suppressed additionally by a factor m q /m s ∼ 1/25. In what follows we will therefore only study the effect of a variation of the light quark masses on the NN potential. 4 Let us nevertheless remark that there are other lattice calculations which are not quite compatible with these three because their ρ masses fall systematically either above [54] or below [58] them. The ones falling below are somewhat harder to accommodate within the IAM, as explained in [25] 
III. IMPACT ON THE VARIATION OF THE TWO-NUCLEON POTENTIAL
The changes in the meson masses cannot be directly connected to their impact on BBN.
The quantity of relevance is the resulting variation of the two-nucleon (NN) interaction and, especially, its impact on nuclear binding energies. However, the connection of meson masses to the NN interaction is not clear cut. In Ref. [12] the phenomenological V18 interaction was used as a basis, where the insights of Refs. [17, 18] were translated into a variation of the model parameters. Although it provides some understanding of the sensitivity of the NN interaction on the variation of quark mass parameters, such a calculation is neither systematic nor complete. On the other hand, in Ref. [28] an EFT approach is chosen; however, there the input of the quark mass dependence of NN scattering lengths is taken from other sources. Our goal is to improve our understanding of the quark mass dependence of the NN observables using as input the K-factors given in Table I .
As outlined in the introduction, we do not do the full dispersion theoretical treatment of Refs. [35, 36] , but make connection to the NN force via the method of resonance saturation: in Ref. [31] explicit expressions are given that allow one to express the values of the NN contact terms in terms of meson masses and coupling constants. Thus, the quark mass dependences given above can be implemented straightforwardly.
A. Quark mass dependence of the pion exchange contributions
The long-range part of the NN potential up to next-to-next-to-leading order (N 2 LO) in the chiral expansion is driven by the exchange of one and two pions. In the exact isospin limit, the one-pion (1π) exchange potential at N 2 LO has the form
where σ i denote the Pauli spin matrices, q = p ′ − p is the nucleon momentum transfer and p ( p ′ ) refers to initial (final) nucleon momenta in the center-of-mass system. Further, F π and g A denote the pion decay and the nucleon axial coupling constants, respectively, while
πN that controls the leading contribution to GoldbergerTreiman discrepancy. Employing the spectral function regularization as detailed in Ref. [59] , the non-polynomial part of the two-pion (2π) exchange potential has the form
with the loop functions LΛ(q) and AΛ(q) defined as
Here and in what follows, the c i are the LECs from the order-Q 2 (dimension two) pionnucleon Lagrangian andΛ denotes the cutoff in the spectral representation, see Ref. [59] .
In addition to the explicit M π -dependence, at N 2 LO one also needs to take into account the implicit one resulting from the chiral expansion of g A and F π in the 1π-exchange potential in Eq. (3.1). We use the NLO result for the chiral expansion of the pion decay constant as it is appropriate at the order we are working:
where F denotes the pion decay constant in the chiral limit. For the LECl 4 we adopt the valuel 4 = 4.3 from Ref. [60] . Using F π = 92.2 MeV, this leads to the chiral-limit value F = 86.2 MeV. Notice that the resulting NLO value for the K-factor K q F π = 0.065 is slightly larger than the one given in Table I. Contrary to the pion decay constant and the nucleon mass, the chiral expansion for g A is known to converge rather slowly, see Fig. 1 . In particular, taking into account the leading (i.e. order O(M 2 π )) correction to its value at the chiral limit and adopting the value for the low-energy constantd 16 = −1.76 GeV −2 obtained from the reaction πN → ππN [62] leads to a very strong quark-mass dependence of g A near the physical point. On the other hand, lattice QCD calculations indicate that the behavior of g A with M π is rather flat. As discussed in Ref. [63] , such a flat behavior of g A , consistent with the lowest-mass lattice data point from Ref. [61] corresponding to M π = 353 MeV 5 can, in principle, be achieved at the two-loop level. In order to provide an accurate representation of the quark mass dependence of the 1π-exchange potential, we use in the present study the complete order-Q 3 result accompanied by one order-Q 4 contact term, whose strength is adjusted to reproduce the lowest-mass lattice data from Ref. [63] :
Here, g 0 , F and m 0 refer to the chiral-limit values of the nucleon axial vector coupling, pion decay coupling and the nucleon mass, respectively. We use the same values of the LECs c i as in Ref. [63] namely c 3 = −4.7 GeV −1 , c 4 = 3.5 GeV −1 . 6 Further,M π = 138 MeV is 5 We emphasize, however, that the convergence at such pion masses is problematic, as discussed in detail in the review [64] . 6 Notice that slightly different values of these LECs are adopted in the chiral N N potential. We have the physical value of the pion mass in the isospin limit while β is a linear combination of the order-Q 4 LECs. We emphasize that the above expression does not correspond to the full order-Q 4 result since we do not include the order-Q 4 chiral logarithms. We have verified numerically that the effect of these logarithms is largely compensated by the β-term when the later is tuned to reproduce the lattice point. Indeed, one observes that the solid line in Fig. 1 corresponding to the pion mass dependence of g A adopted in the present work is very similar to the more complete calculations of Ref. [63] shown in Fig. 2 of that work.
Further, Fig. 1 also shows the uncertainty associated with the variation ofd 16 in the rangē [62] and the variation of the lattice point by 10%.
The value of the nucleon mass in the chiral limit can be obtained from the order-Q 
B. Quark mass dependence of the short-range terms
The short-range potential in the 1 S 0 and 3 S 1 − 3 D 1 channels up to N 2 LO has the form
where p ≡ | p|, p ′ ≡ | p ′ | refer to the in-coming and out-going momenta in the center-of-mass
The quark mass dependence of these operators can, in principle, be calculated straightforwardly in chiral perturbation theory [29] .
verified that using these different values for c 3,4 and re-adjusting the parameter β leads to a very similar M π -dependence of g A . The induced difference in the two-nucleon observables is significantly beyond the theoretical uncertainty of our analysis. 7 Of course, the LECs do not depend on the quark masses. The coefficients used here subsume the coefficients of the LO four-nucleon operators plus their first pion mass dependent corrections that are generated by the same operators times M The problem is, however, that the coefficients in front of the contact operators ∝ M 2 π are unknown. In [29] , the corresponding LECs were estimated by means of naïve dimensional analysis which, however, resulted in a very large theoretical uncertainty for two-nucleon observables. In order to avoid this difficulty, we follow here a completely different approach and refrain from doing an explicit chiral expansion for contact operators. Instead, we make use of resonance saturation of contact interactions [31] and employ the M π -dependence for the masses of the heavy mesons discussed in Sec. II B.
Resonance saturation for contact NN operators up to N 2 LO is discussed in detail in
Ref. [31] . In that work strongly reduced values of the LECs c i were adopted in order to circumvent a very strong attraction resulting from the isoscalar central two-pion (2π) exchange potential calculated using dimensional regularization. As discussed in Ref. [59] , the strong attraction in the 2π-exchange potential at intermediate and shorter distances can be traced back to the large-mass components in the spectrum which cannot be described reliably within the framework of chiral EFT. In the chiral potentials of Refs. [65, 66] , the unphysical high-mass components in the two-pion exchange spectrum are cut off by means of the spectral function regularization. We now repeat the analysis of Ref. 
at NLO and 9) at N 2 LO. In the limitΛ → ∞ corresponding to dimensional regularization, the above expressions agree with the ones given in Ref. [31] . The size of the 2π-exchange-induced contributions to the LECs for the two extreme values of the spectral function cutoffΛ can be read off Table II .
After these preparations, we are now in the position to test the resonance saturation hypothesis forC i and C i . The contributions of the various mesons to the contact operators can be obtained by carrying out partial wave decomposition of the expressions for the boson exchange contributions given in Ref. [31] and expanding the results in powers of momenta. In Tables III and IV, cutoff combinations NLO : {Λ,Λ} = {400, 500}, {550, 500}, {550, 600}, {400, 700}, {550, 700} , 
3S1 + δC more strongly underestimated. For the sake of completeness, we also list in Table V the contributions from individual mesons exchanges in the Bonn-B model, see also Ref. [31] . The observed reasonably good representation of the LECs accompanying the short-range operators in terms of heavy-meson exchanges justifies modelling the chiral extrapolations for the corresponding operators in terms of quark/pion mass dependence of the heavy mesons as discussed in Section II B. More precisely, we assume that the resonance saturation hypothesis remains valid at unphysical values of the quark/pion masses, that is Here X stays for C,C and I = {1S0, 3S1, ǫ1} and δX I (M π ) = δX 
For the resonance contributions, we take into account the quark mass dependence of the σ-and ρ-meson masses as given in Table I is small compared to the X I , i.e. if the LECs are well described in terms of resonance saturation. This is indeed the case for both the NLO and N 2 LO potentials. As a representative example, we show in Fig. 2 the individual contributions to the quark mass dependence ofC 3S1 , C 3S1 and C ǫ 1 resulting from Eq. (3.11) for fit 1 at N 2 LO. While strong cancellations between the σ-and ω-contributions are observed forC 3S1 and C 3S1 , the LEC C ǫ1 is largely saturated by the ρ-meson. Notice that as a result of the cancellations, there is a sizeable uncertainty in the m q -dependence of C 3S1 associated with the non-resonance contribution of the last term in Eq. (3.11).
C. Quark mass dependence of the S-wave N N observables
Having specified the quark mass dependence of the NN potential, we now turn to the chiral extrapolations of two-nucleon S-wave observables. We calculate the NN phase shifts and mixing angles by solving the nonrelativistic 8 Lippmann-Schwinger (LS) equation in the partial wave basis
as η → 0 + . The relation between the on-shell S-and T -matrices is given by In these calculations, we also took into account the implicit quark mass dependence in the two-pion exchange potential induced by g A and F π which is, strictly speaking, a higher-order effect. We will comment on the size of these higher-order contributions in the next section. Also, as already explained above, we follow here our general strategy and use the most accurate available information regarding the m qdependence of m and, especially, of g A coming, in particular, from lattice QCD simulations rather than sticking to the strict chiral expansion at a given order. Note also that within the LS framework not all contribution to the quark mass dependence are generated, but this effect is well within the error bands discussed later.
We observe the opposite trends in the 1 S 0 and 3 S 1 channels when changing the value of the quark mass. In particular, the interaction between the nucleons is found to become more attractive in the 1 S 0 channel with increasing the light quark masses while more repulsive for all values of the quark masses considered. Notice further that our results indicate that the infrared limit cycle proposed in Ref. [68] (see also Ref. [69] ) is unlikely to emerge in the range of the quark masses considered in the present analysis. A detailed comparison of our findings with the available calculations will be presented in the next section.
Let us now address the theoretical uncertainty of our calculations. It is comforting to see that the results for the quark mass dependence of the deuteron binding energy and the S-wave scattering lengths calculated at NLO and N 2 LO are consistent with each other. The NLO and N 2 LO bands resulting from the cutoff variation as described above overlap except for large quark masses in the spin-triplet channel. This is in line with the observation that the cutoff variation at NLO underestimates the true theoretical uncertainty at this order since the width of the bands at both NLO and N 2 LO measures the impact of the neglected order-Q 4 contact interactions. A more complete discussion of the theoretical uncertainties of the calculated NN observables will be given in Section IV. Notice further that the chiral extrapolations become rather uncertain for small quark masses which, at first sight, might appear counterintuitive. This, however, has to be expected given that the LECs to the physical quark masses. In addition, one should also keep in mind that we do not rely here on the chiral expansion of the short-range forces, contrary to Refs. [29, 34] . Our approach, utilizing resonance saturation and the K-factors for heavy-meson masses, cannot be expected to yield reliable results at low quark masses where short-range contributions non-analytic in quark masses, which are not explicitly taken into account in our calculations, should play an important role.
Finally, we list in Table VI 
We observe a reasonable convergence pattern in the triplet channel with the main effect coming from the LO terms in the potential and the contributions due to NLO+NNLO terms and the quark mass dependence of the nucleon mass being considerably smaller. The much larger uncertainty in the singlet channel can be explained by the known feature that the onepion exchange yields only a minor contribution to the 1 S 0 phase shift. The dominant effects emerge from two-pion exchange and shorter-range terms whose quark mass dependence is less constrained than the one associated with the longest-range one-pion exchange potential. 
IV. DISCUSSION
We are now in the position to discuss in some detail the theoretical uncertainty of our calculations. Its main sources are due to 1. The uncertainty associated with the chiral extrapolation of the nucleon mass m as well as the axial coupling g A and the pion decay constant F π , which impact the m qdependence of the long-range interactions.
2. The uncertainty due to truncating the chiral expansion of the potential at N 2 LO.
3. The uncertainty associated with the resonance saturation hypothesis for short-range operators and the employed quark mass dependence of the heavy-meson properties.
The chiral dependence of F π is well reproduced at the leading-loop order in ChPT, so that the associated uncertainty has a much smaller impact on the two-nucleon observables considered in this work as compared to other sources. On the other hand, the chiral expansion of g A is known to converge slowly. As explained in Section III A, we incorporate the order-Q 4 counterterm and use the lattice QCD result at M π = 353 MeV as an input to tune the corresponding LEC. This allows us to obtain a realistic description of the quark mass dependence of g A . We check the robustness of this procedure by allowing for a 10% variation of the lattice point. As visualized in the left panel of Fig. 5 , this induces a shift in the binding energies which is considerably smaller than our estimated theoretical uncertainty, cf. Fig. 3 .
On the other hand, the uncertainty in the determination of the LECd 16 ,d 16 = −0.91 to −2.61 GeV −2 [62] , leads to a sizeable spread which is comparable with the one emerging The uncertainty due to truncating the chiral expansion for the potential at N 2 LO was already roughly estimated by the cutoff variations, see Fig. 3 . As an additional check, we calculated the impact of the M π -dependence of g A and F π in the 2π-exchange potential which nominally starts to contribute at N 3 LO (i.e. order Q 4 ) which is beyond the accuracy of this work. The size of this effect is given by the difference between the solid and longdashed-dotted lines in the left panel of Fig. 5 and is indeed within the estimated theoretical accuracy at N 2 LO. Similarly, it is, strictly speaking, sufficient to use the order-Q 2 rather than order-Q 3 expression for the M π -dependence of the nucleon mass at N 2 LO. The induced difference agrees well with the estimations based on dimensional arguments and is within the accuracy of our calculation, see the short-dashed-dotted line in the left panel Fig. 5 .
Presumably, the most important source of uncertainty is due to the quark mass dependence of the contact interactions. While resonance saturation itself seems, at least in principle, to provide a fairly accurate way to relate the chiral extrapolations of the short-range terms to the properties of heavy mesons which are easier accessible theoretically, it is difficult to estimate the theoretical uncertainty associated with this procedure. We, therefore, restrict ourselves to propagating the errors in the K q -factors for the heavy meson masses, see Table I , through our analysis. These errors turn out to be strongly magnified due to the large cancellations between the contributions of the ρ and ω mesons, see Table I . The theoretical uncertainties due to truncating higher order terms (estimated by the cutoff variation), the uncertainty ind 16 , the lattice calculation of g A , and the errors in K q σ,ρ are added in quadrature. The results given in Eq. (4.1) can be compared with the ones of Ref. [29] , carried out at
where the numbers are inferred from Figs. 11 and 12 of this work. A more conservative error estimation taking into account a larger variation in the LECd 16 and in the quark mass dependence of the lowest-order spin-triplet contact interaction was performed in Ref. [70] leading to
As already pointed out before, the major differences between the present analysis and the one of [29, 70] are in using a more realistic result for the chiral expansion of g A , employing resonance saturation to describe the quark mass dependence of contact interactions and extending the calculations to N 2 LO. These improvements have allowed us to determine the values for the K-factors with higher accuracy.
The results for both 1 S 0 and 3 S 1 channels given above are consistent with the chiral EFT values calculated in Ref. [71] using the Kaplan-Savage-Wise approach, based on the Weinberg approach and
9 , (4.6) using the chiral EFT formulation of Ref. [73] . For a more recent extrapolation of the NPLQCD numbers to physical quark masses see Ref. [74] . Very recently, a similar analysis has been carried out using the framework of chiral EFT with dibaryon fields [33] yielding Fig. 9 of that work, and a positive value for K q a, 1S0 (which we were unable to infer from that figure). While this result for K q a, 3S1 disagrees with our findings, it is difficult to draw conclusions since Ref. [33] does not provide an estimate of the theoretical uncertainty associated with using the lattice-QCD results at large values of the pion mass as input in the calculations. The same comment also applies to the results of Ref. [72] given in Eqs. (4.5), (4.6) as well as the results of Ref. [74] .
Last but not least, it is comforting to see that our results are in a good agreement with the ones of Ref. [12] , where the value K q deut = −0.75, −0.84 and −1.39 is reported for three different models of the two-nucleon potentials. Even more important is, however, that we are able to carefully estimate the theoretical uncertainty for this quantity.
V. CONSEQUENCES FOR HEAVIER NUCLEI
So far we focused on the two-nucleon system, however, the quark mass dependences of 3 
He and
4 He are also relevant for BBN. In order to estimate the impact of the quark mass dependences of the deuteron binding energy and the 1 S 0 scattering length on BBN, we here use the methods of Ref. [28] -actually, what we have provided in the previous sections is an update of the input used in Ref. [28] , which basically came from Ref. [29] .
The quark mass dependences of the binding energies of 3 He and 4 He can be calculated 
VI. IMPACT ON BBN
In Table VII we present our calculated BBN response matrix. The quantities presented are the linear dependences of calculated primordial abundances Y a to small variations of nuclear binding energies and scattering lengths X, ∂ ln Y a /∂ ln X. They were obtained using the methods and codes (modified from the publicly available Kawano code [76] ) described in [13] . Updated reaction rates are taken from Refs. [77] [78] [79] [80] , see [13] for details. Unlike in previous studies, we have separated the effect of B deut from the singlet scattering length a s .
The scattering length affects the rate of the reaction n(p, d)γ via the equation (see, e.g. [81] )
where ǫ v is the position of the singlet virtual level. The baryon-to-photon ratio η = 6.19 (15) × 10 −10 is taken from the latest WMAP7 data [82] .
Final sensitivities of primordial abundances Y a to variation of m q , are obtained by combining the results in Table VII with Eqs. (4.1, 5.3) using Taking a weighted average of the two results gives δm q /m q = 0.02 ± 0.04, our final result.
VII. EFFECT OF THE NEUTRON LIFETIME
Our limit δm q /m q = 0.02 ± 0.04 at first appears much weaker than the limit derived by Bedaque et al. [28] , who obtained −1% δm q /m q 0.7%, although our input for the two-nucleon parameters is more accurate. The origin of the difference is that, contrary to this work as well as previous works [10, 12, 13] , in Ref. [28] a quark mass dependence of the neutron lifetime, τ , was included. Since essentially all free neutrons at the onset of BBN end up in 4 He nuclei, and changing τ changes the neutron-to-proton number ratio at BBN, the 4 He abundance is quite sensitive to the neutron decay rate. Therefore it is worthwhile to examine the assumptions made in Ref. [28] in more detail.
Neutron beta decay becomes possible as a consequence of a non-vanishing proton-neutron mass difference, which is non-zero due to an apparent violation of the isospin symmetry in with an uncertainty of 0.3 MeV for the individual contributions [85] 9 . Thus, in order to quantify how ∆m N and thus τ changes with the quark masses, an assumption has to be made on how the other Standard Model parameters change -as we will see of particular importance is the change of the electron mass relative to the quark masses.
The neutron width Γ ∼ 1/τ can be written as
where G F is the Fermi constant, θ C is the Cabibbo angle, m e is the electron mass, and g A is the nucleon axial decay constant. The function f (∆m N /m e ) describes the phase space and Coulomb attraction; an explicit form is presented in [28] .
In order to proceed, Ref. 
where f ′ /f is numerically determined to be 2.57 at the physical value of ∆m N /m e . Thus, the large sensitivity to the variation of the quark mass, found in Ref. [28] , comes directly from model-dependent assumptions, which allow one to write
One the other hand, had one assumed that m u − m d is independent of the quark mass, the value found for δ ln Γ/δ ln m q would be significantly smaller. .2) we obtain δ ln Γ δ ln v = 1 + 3g
where we used the quark mass dependence of g 2 A discussed in Sec. III A, which gives δ ln g
The final sensitivity to neutron decay rate, δ ln τ /δ ln v = −4.8, is reduced by around a factor of two compared with [28] , but it is still very large even within our model. Note, δ ln τ /δ ln v = −4.9, may also be obtained using Table IV of Dent et al. [10] under the same assumptions, and a value of −4.8 can be extracted from Eq. (7) of Ref. [87] . Multiplying δ ln τ /δ ln v by the sensitivity coefficients δ ln Y a /δ ln τ presented in Table VII and adding the binding energy and scattering length sensitivities presented in Table VIII (using our assumption δ ln m q = δ ln v), we obtain
In this model, the τ sensitivity reduces the deuterium sensitivity to v by a factor of two, and entirely dominates the 4 He sensitivity. The final limits on Higgs VEV variation from deuterium and helium abundances are δv/v = 0.07 ± 0.13 and δv/v = 0.000 ± 0.009, respectively. However, we should put here the disclaimer that, although we included the effects of isospin violation in the evaluation of the neutron beta decay, all few-nucleon calculations were done imposing isospin symmetry. One expects these effects to be small compared to that from neutron beta decay; still, for consistency such effects will have to be included in the future.
Therefore, imposing the model that all masses scale with v and including the variation of τ , then as expected the results are entirely dominated by the 4 He data and the limits are rather tight, |δv/v| < 0.9%. Finally, we note that this result does not include all possible mass variations: for example, in Ref. [10] the dependences of primordial abundances on m e are calculated assuming τ constant (that is, the m e dependence that does not come via τ variation). In comparison with the dependence from τ these are rather small, δ ln Y a /δ ln m e = −0.16 and −0.71 for deuterium and 4 He, respectively. Including this effect would marginally tighten our limits on δv/v.
VIII. SUMMARY
We have presented a systematic study of the impact of quark-mass variations on properties of the two-nucleon system based on chiral perturbation theory combined with nonperturbative techniques. Since the approach is based on an effective field theory a reliable error estimate becomes feasible -a clear advantage compared to purely phenomenological studies as reported, e.g., in Refs. [16] [17] [18] [19] [20] [21] . We include the uncertainties from the quark mass where the uncertainties are significantly reduced compared to the numbers derived from earlier studies within effective field theory [29, 30] . The numbers for the K-factors presented in this work are the necessary input for studies that address the quark mass dependence of nuclear properties. These studies allow one to quantify how much fine-tuning is necessary amongst the Standard Model parameters to allow life to develop -for the most recent developments in this respect see Ref. [7] .
From the given K-factors we derived the quark-mass dependence of helium nuclei using the techniques of Ref. [28] . Additionally we have presented a new response matrix of calculated primordial abundances to variations in nuclear binding energies and the scattering length of the important two-nucleon 1 S 0 channel. Combining these we have derived a stringent limit on the quark-mass variation at the time of big bang nucleosynthesis of δm q /m q = 0.02 ± 0.04.
In previous phenomenological studies the bounds derived from the deuteron and 4 He abundances are, e.g., 0.009 ± 0.19 and −0.005 ± 0.038, respectively, from Ref. [12] and −0.002 ± 0.037 and 0.012 ± 0.011, respectively, from Ref. [13] . The uncertainties are significantly smaller compared to ours, since in these works no attempt was made to quanitify the theoretical uncertainty -in Ref. [12] it is stated that the uncertainty is expected to be of the order of a factor of 2. In this sense, although the uncertainty of our work seems larger, still the bound derived is more robust, since a careful uncertainty estimate was done.
In Ref.
[28] a range −1% ≤ δm q /m q ≤ 0.7% is quoted for the quark mass variation allowed by BBN. In their calculation, the sensitivity is dominated by variation of the neutron lifetime, τ , which strongly affects the 4 He abundances which are well-constrained observationally.
We have shown that this calculation is based on a model-dependent assumption. Under the reasonable assumption that all elementary particle masses are proportional to v, the Higgs vacuum expectation value, the sensitivity of τ to v is shown to be quite large (although only half that found by [28] ) and we obtain a limit |δv/v| < 0.9%, which within this model translates into |δm q /m q | < 0.9%.
In Refs. [12, 13] also bounds are derived from the 7 Li abundance that are different from zero, namely δm q /m q = 0.016 ± 0.005 and δm q /m q = 0.013 ± 0.002, respectively. Also here the uncertainties do not include the theoretical uncertainty of the input quantities.
In our work we have not included the 7 Li abundance for several reasons. Firstly, the 7 Li abundance is very sensitive to variations in 7 Be and 7 Li binding energies, as well as A = 5 resonances [13] which have not yet been calculated using the methodology of this paper. In the future our study can be extended into this regime, as soon as systematic studies of the quark mass dependence of heavier nuclei are available, e.g., employing methods of nuclear lattice calculations -see Ref. [88, 89] and references therein. In fact, the first results within that framework for 4 He, 8 Be and 12 C can be found in [7] . Secondly, the discrepancy between theory and observation is a factor of ∼ 3 which can make nonlinear effects important. Lastly, the observational status and interpretation of the 'Spite plateau' of lithium abundances in
Pop. III stars is still uncertain (see, e.g., Refs. [83, 90, 91] and references therein).
